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Internet Appendix I (Expected Profits for Each Type of Order)

In this Appendix we explain how the expected profits of each possible type of order are calculated.
Note that the expected profits for each rational trader depend on the information contained in the
LOB and the information the trader has about the liquidation value of the asset. Note that the
game is symmetric and, hence, we focus on symmetric equilibria.

Let us define 2, and I', as the probability that an informed trader and uninformed trader at

t = 1 choose an order © € OQp, where o = 0 corresponds to a NT order; o =1 to a MO; o =2 to
3 3
a LO; o =3 to a DO; and such that ) Q,=1and > T', =1
0=0 0=0
We also define as B; the set of all possible states of the LOB after a trader arrived at ¢ and

eventually traded, and as B; € B; a possible state of the LOB. For example, B is a possible state
of the LOB such that

, if the best prices in the LOB are (Af, BY),
BMO, if the best prices in the LOB are (A%, B}),

Bi=<{ BLO, if the best prices in the LOB are (A}, B + 1),
SMO, if the best prices in the LOB are (Al B?),

SLO, if the best prices in the LOB are (A] — 1, B}).

\

We also define Bf”d a possible state of the LOB at the end of the period t = 2.

In the second trading period the expected profits of each strategy depends on the state of the
LOB (which on its turn depends on the chosen strategy at t = 1). Uniformed traders at ¢t = 2
form beliefs about the strategies and type of player in ¢ = 1. Thus, the uninformed traders’ belief
at ¢ = 2 about the probability that the MO, LO, and observed in the LOB was submitted by an
informed trader as X, Y and Z, respectively and are defined in the paper by (B.1), (B.2) and (C.1).

We start solving the model backwards at ¢ = 2, the last date when a rational trader can decide
where and how to trade. We consider at ¢ = 2 all the possible states. There are 5 possible states
depending on which type of trader arrived (LT, [H, IL, UB, US). Also, depending on which was
the traders’ optimal choice at ¢ = 1, there are five possible states of the LOB at the end of ¢t = 1.
In what follows we calculate the expected profits in each of the possible combinations of types of
trader and states of the LOB. Notice, that in what follows we do not include the profits of choosing

NT since these are always null in all the possible states and times.
t=2

2.1. State (¢t = 2, Liquidity trader)

A liquidity trader arrives with probability 1 — A. With probability 1/2 he will choose a BMO and
with probability 1/2 a SMO.



2.2. State (¢ = 2, IH)

H and an informed trader arrives. This

In this state, the liquidation value of the asset is v = v
trader is a buyer. The best prices of the LOB at the end of t = 1 can take the following values:
(AL, B}), (A3, BY), (A}, Bi +7), (Al, B?), or (Al — 7, B}). Hence, we distinguish five possible states

of the LOB at the beginning of the second trading period.

2.2.1. (A}, B})
This occurs when either a trader that arrives at the market at ¢ = 1 chooses to go to the DP or
chooses NT'. Therefore, By = @. The expected profits for the various types of orders at ¢t = 2 are

as follows:

E (008 =2,0=0") = o —Al = (k= k1) 7 >0, and
Al + B

B (Ihoslth = 2,0 = o) = of (o7 - 23

> =0l > 0.

For computing the expected profits of a BLO, note that a BLO is chosen by an informed trader
who observes v/ (IH) and arrives at the market at ¢t = 2 can only be executed if at ¢ = 1 there is
an uninformed seller who chooses a DO and the order is not executed. Furthermore, given that the
trader at t = 2 observes v, the possible cases such that the LOB has not changed during t = 1
are the following: 1) an informed trader who observes v/ and who goes to the dark at ¢t = 1; 2) an
uninformed buyer who goes to the dark at ¢ = 1; 3) an uninformed seller who goes to the dark at
t = 1; 4) an uninformed buyer who chooses NT' at t = 1; and 5) an uninformed seller who chooses
NT at t =1.

Therefore, the probability of execution of a BLO chosen by an informed trader who observes
v and faces (Al, B}), which is denoted by pgia2 (B1 = @), is given by

(1-67)5"Ty

7T93+(1—7T) (F0+F3)7

IH
PpLO2 (B1 = @) =
and the corresponding expected profits are given by
E (Igi0.2B1 = @,0=v") = piios (Br = 2)6(v" — Bl — 1) = pigios (B = 2) 6 (5 + ki — 1) 7.

Comparing profits, we conclude that the informed trader never chooses NT since this option is
strictly dominated by a MO.

2.2.2. (A2, B})
This state of the LOB occurs when at ¢t = 1 a trader arrives at the market and chooses a BMO
(denoted by By = BMO). In this case the LOB has changed in the ask side: A} = A} and B} = B}.



The expected profits for the various types of orders at t = 2 are as follows:

E(HIB%072|81 = BMO,v :UH) = UH—A% =(k—ko)T >0,

A? + B
E(H{B%O’ﬂ@l:BMO,v:UH) = 95(1}1{—1—; 1>:0£<K,—

ko — k1

)TZO,and

E (Ij102|B1 = BMO,v =2v") =0,

since the probability of execution of any LO at ¢ = 2 is null. Comparing expected profits, we
conclude that the informed trader does not choose a LO or NT since these options are strictly
dominated by a MO.

2.2.3. (A},B} +1)
Note that the LOB has changed in the bid side because during the first trading period a trader
has arrived at the market and has chosen a BLO (denoted by By = BLO). The expected profits

for the various types of orders at t = 2 are as follows:

E (102181 = BLO,v =v") = o — Af = (k — k1) 7 > 0,

Al + Bi 1
E (HIB}{)O,2|51 = BLO,v = UH) = 9% <UH — 1+21+T> = 95 (F& — 2> 7 >0, and
E (HIB}%O,2|81 = BLO,U = UH) = Oa

since the probability of execution of any LO at t = 2 is null. Hence, the trader will not choose a

LO or NT since these options are strictly dominated by a MO.

2.2.4. (Al, B}
Note that during the first trading period a trader has arrived at the market and has chosen a
SMO (denoted by By = SMO). The expected profits for the various types of orders at ¢ = 2 are

as follows:

E (510281 = SMO, v =) = o — A7 = (k — k1) 7 > 0,

A + B? ke —k
E (Wboalth = SO,y =) = (= B2 ) = (s B2 ) >0,
E (I102lB1 = SMO,v=2") = o,

since the probability of execution of any LO at ¢ = 2 is null. Hence, the trader will not choose a

LO or NT because these options are strictly dominated by a MO.

2.2.5. (Al — 7, B})
Note that during the first trading period a trader has arrived at the market and has chosen a SLO
which improved the ask price (denoted by By = SLO). The expected profits for the various types



of orders at t = 2 are as follows:

E(HEIXJQQHSH :SLO,U:UH) = ’UH—A%—{—T: (k—ki+1)7 >0,

Al — 74 B} 1
E (50 5|Br = SLO, v =vT) = 6} <UH ~ 1;+1> gl (K n 2) >0, and
E (510081 = SLO,v =) = 0,

since the probability of execution of any LO at t = 2 is null. Hence, the trader will not choose a

LO or NT since these options are strictly dominated by a MO.

2.3. State (t =2, IL)

Note that the expected profits for an informed trader when v = v* (IL) are similar to the expected

H gince there exists the following symmetry. When the state of

profits of an I H trader when v = v
the LOB is (A}, B}), an IL and an T H always make the same choice (apart from the direction of
the order). When the state of the LOB is (A2, B}), an I'L chooses the same type of order as an I H
when the state of the LOB is (A}, B?). When the state of the LOB is (A}, Bf +7), an IL chooses
the same type of order as an IH when the state of the LOB is (Al — 7, Bf). When the state of
the LOB is (A}, B}), an I'L chooses the same type of order as an I H when the state of the LOB
is (A2, B}). When the state of the LOB is (Al — 7, B?), an IL chooses the same type of order as

an TH when the state of the LOB is (A}, B + 7).

2.4. State (t =2, UB)

The best prices of the LOB at the beginning of the second trading period can take the following
values: (A}, By), (A%, BY), (A1, B] +7), (A}, BY), or (A} — 7, Bj).

2.4.1. (A}, B})
This occurs when either when a trader arriving at the market at ¢ = 1 chooses to go to the DP or
chooses NT'. Therefore, B; = &.

Note that the possible cases such that the prices of the LOB have not changed during the first
trading period are the following: 1) an informed trader who observes v/ and who goes to the dark at
t = 1; 2) an informed trader who observes v* and who goes to the dark at ¢ = 1; 3) an uninformed
buyer who goes to the dark at ¢ = 1; 4) an uninformed seller who goes to the dark at ¢ = 1; 5) an
uninformed buyer who selects NT' at ¢ = 1; and 6) an uninformed seller who selects NT" at ¢t = 1.
Hence,

o + Tl + (1 - m)(To 4+ T3)p

E@|B; = @) = Q3+ (1—m) (Tg+T3) -

and because we focus on symmetric equilibria this state of the LOB does not gives any information

to the uninformed trader. The expected profits for the various types of orders at ¢t = 2 are as



follows:

E (H%ﬁoﬂb’l = @) = E@B =9) - A% =(u—p—kit)=—k7<0, and

Al + B
) e

E (Hggogwl =0) = 6y (E(mBl = 2) 5

For the expected profits of a LO, note that a BLO chosen by an uniformed trader who arrives
at the market at t = 2 can only be executed if at ¢ = 1 there is a seller who chooses a DO and the
order is not executed. Therefore, the probability of execution of a BLO chosen by an uninformed
trader that faces (A}, Bi), which is denoted by p%]LBOQ (B =2) = p(BY" = SMO|B, = 2), is

given by
(16150 + (1— 1) 15°T
i+ (1 —7)(To+T3)

UB
PBLo2 (B1=9) =

and

E (570081 =2) = pilos(Bi=2)(E(@B = 2,85 = SMO) — Bj — 1)
= Yl (Bi=2)6 (ki — Zr — 1),

since

(1-67)(1-—m)T;
(1—=0D)rQs+ (1 -0Y) (1 —m) T3
(1— 670 oL
(1=0D)rQs+(1—-60Y) (1 —m) T3
= p— ZKT.

E@B = @,B¥" =SMO) =

e+

+

In this case the UB never chooses a MO.

2.4.2. (A2, B})
This occurs when at ¢ = 1 a trader arrives at the market and chooses a BMO (denoted by
By = BMO). In this case the LOB has changed in the ask side: A} = A% and BJ = B}. Note that

Aﬂ'Ql
1= A+ A+ A1 —7m)Ty

E(@w|Bi = BMO) = u+ KT =+ XKT.

The expected profits for the various types of orders at t = 2 are as follows:

E (145081 = BMO) = E(@0|By = BMO) — A = (Xr — ky) 7,

2 1 _
E (Y5081 = BMO) = 6Y (E(mzsa = BMO) — Al;Bl> =0y (Xn _ ke 5 kl) 7, and

E (Hgfo,zwl = BMO) = 0

since the probability of execution of any LO is null.



2.4.3. (Al,B] +1)
Note that the LOB has changed in the bid side because at t = 1 a trader has arrived at the market
and has chosen an improving BLO (denoted by B; = BLO). Note that

ok

E(@|B; = BLO) =
(U|Bl O) M+7TQQ+(1—7T)F2

T=pu+YkKT.

The expected profits for the various types of orders at t = 2 are as follows:

E (1%%0./B1 = BLO) = E(@|By = BLO) — A{ = (Yr — ki) T,

E (gP0,/B1 = BLO)

Al + B} 1
0y <IE(5|B1 = BLO) — 1+21+T> =6y <Yf£ - 2) 7, and

E (I%Z02|B1 = BLO) = 0.

2.4.4. (Al, B?)
This occurs when at ¢ = 1 a trader arrives at the market and chooses a SMO (i.e., By = SMO).
Note that

1—)\+)\(1—7T)F1 AT

E(v]B; = SMO) = T A+ A=+ T T AT A (=) Ty + a0,

L— - Xkr.

The expected profits for the various types of orders at t = 2 are as follows:

E (I%¥02/Bi=SMO) = E(3|B1=SMO)— A} = — (Xr+ k)7 <0,

1 2 _
E (Y5 oalBr = SMO) = 6Y (IE (51By = SMO) — Al;Bl> _— (XH A kl) r, and
B (10015 = SMO) = 0
2.4.5. (Al — 7, B})

Note that at ¢ = 1 a trader has arrived at the market and has chosen an improving SLO (i.e.,
By = SLO). Note that

(1—m)Iy T
TI'QQ—l-(l—ﬂ')FQ'u WQQ—‘F(I—T[')FQ

E (v|B; = SLO) = vl = —Ykr.

The expected profits for the various types of orders at ¢ = 2 are as follows:

E (15802181 = SLO) E @By = SLO) — Al +7=—(Yr+k —1)7 <0,

1 1
E (I3302|B1 = SLO) = 65 <IE (v|B; = SLO) — Al;+Bl) —— (y,ﬁ; _ ;) 7, and

E (I570.0/B1 = SLO) = 0.

In this case the UB chooses neither a MO nor a LO.



2.5. State (¢t =2, US)

Idem sub-section 2.3.

t=1

There are 5 possible states depending on which type of trader arrived (LT, IH, IL, UB, US).

1.1. State (¢t = 1, Liquidity trader)

In this case a liquidity trader arrives. Its probability is 1—\. He will choose a BM O with probability
1/2 and a SMO with probability 1/2.

1.2. State (t =1, IH)

The LOB starts from its original best prices (A1, B}). The expected profits for the various types

of orders at t = 1 are as follows:
E(HIB%OJIU =) =ov — Al = (k— k1) 7 > 0.

For the expected profits of a LO, note that a BLO chosen by an IH who arrives at t = 1 is
executed only if at ¢ = 2 there is a trader who chooses a SMO. However, as a US observing a
BLO will never choose a MO, we conclude that the probability of execution of the LO is (1 — \) /2.
Hence,

E(Hgfo’l U:UH) = 5(12_)\) (UH—B% —T) = 5(12_)\)(/€+k:1 -1

For the expected profits of a DO, note that there are two cases: 1) the order is executed in the
DP and 2) the order is not executed in the DP and, then, either it is cancelled or it returns at
the exchange at the end of the second trading period as a BMO.! In such a case, there are three
possible ask prices, which depend on what has happened at t = 2:

1) Al —7: This ask price occurs if the trader at t = 2 chooses a SLO (which can only be chosen
by an uninformed seller).

2) A%: This ask price occurs if the trader at t = 2 selects a BMO (which can be chosen by an
informed buyer or a liquidity trader). Notice, that an uninformed buyer observing no change in the
LOB will not choose a MO (see 2.4.1.).

3) Al: This ask price occurs all the other times.

'Note that we do not consider the case that the order returns as a BLO because its probability of execution is
Zero.



Therefore,

Al + B! 1— -
E (Hé%oﬂv = ’UH) = 9{ (UH - 11) + (1 - 9{) max {O, 0 [)‘(271-)155(’)6,5_@@}] - A% +7)

s 1-)
+ (gt + 150 o - )
1-— — — 11—
+ (1 _aU=m 5 ) TGy = Ml — — ) (W — A})] } =0l kr +
1

1- _
+( —Hf)max{(),é[)\( QW)Igfbéég(m—h—&—l)%—

_ 1—A
+ (gt + 150 (- +

2
1—7 - - 1—A
+ (1A el - 150 ) ()| 7
where
[USBi=o  _ 1, ifatt=2, an US selects a SLO when By = @
SLO,2 0, otherwise,
1-60)2Q3 + (1 —6Y)15~T
1, p L0058+ (- 01) 5 25(ky —1—ZK) >0
= Q3+ (1 —m) (Cp +Is) )
0 otherwise,
and

[IHB=5  _ 1, ifatt=2, an IH selects a BMO when B; = &
BMO,2 0 otherwise,

1-6Y)52r
1, m—klzmax{«%ﬁ, ( 1) 5T

7+ (1) (T + ) 1 H e 1)}

0, otherwise.

Simplifying, we obtain that:

1-— _
E (Hg%)o,llv =v") = 0{kr+ (1 - 0]) max {0, ) [A(ﬂfggb%g + (kK — k1)

— 1—A
(ks — k) <MI§§{£2® n 2)] } _

1— _
0 kT + (1 — 015 [)\( 5 ™) [UsBi=o (k— ki)

SLO,2
s 1-2A
—(ky — k1) <)\7r11135\1/’[%’2® + 2)] T.

The last equality indicates that when an informed buyer selects to go to the DP at ¢ = 1 and the

order is not executed, it is optimal for him to choose a MO, which returns to the exchange at the
end of the second trading period.



An informed trader never chooses NT' as it is dominated at least by the MO.

1.3 State (¢t =1, IL)

Due to the symmetry of the model, the expected profits of an IL trader are the same as the ones
of an I H trader.

1.4. State (t =1, UB)

The LOB starts from its original best prices (A1, Bf). The expected profits for the various types

of orders at t = 1 are as follows:
E (I%%0.1) =1 — Al = —ki7 < 0.

For the expected profits of a LO, note that the order gets executed if the next order is SMO
which can come from an informed trader at ¢t = 2 that chooses a SMO or from a liquidity trader.

Note that an uninformed trader upon observing a BLO in t = 1 will never choose a SMO. Thus,
E (I%20.1) =p (B2 = SMO|By = BLO)E (13751181 = BLO, By = SMO),

where

A _ 121
p(Ba=SMO) = 577[§ﬁ2%1’23140 n L

and
E (I%20.1|B1 = BLO, By = SMO) =6 (E (v|B; = BLO,B; = SMO) — B} — 7).

Moreover, notice that

A [1L:B1=BLO

~ SMO,2
E (3|81 = BLO, By = SMO) = ju — A
(@ ) 1— A+ AgI L BI=BLO
So,
LT TR
E (I%2, ,|B; = BLO,By = SMO) =6 [ k1 — 1 — - k|7, and
( BLO,1| ) 1— M\t )\Wléﬁ/}%EBLO

A [ L:B1=BLO

A _ 1—A

UB - IL,B1=BLO SMO,2

E (Ilz701) = <27TISM01,2 + 2) ) <k:1 -1- L— A+ \n/LBI=BLO “) T
SMO,2

5 _
= S (@=N =) = MR =+ 1)



with

[ILBEI=BLO  _ 1, ifatt=2, an IL selects a SMO when B; = BLO,
SMO2 0 otherwise,
-k +1
1, if 0] < %
= K+ 5
0 otherwise.

For the expected profits if the trader chooses to go to the DP, then there are two cases: 1)
the order is executed in the DP and 2) the order is not executed in the DP and, then, either it is
cancelled or it returns at the exchange at the end of the second trading period as a BMO. In such
a case, there are three possible ask prices, which depend on what has happened at t = 2.

1) Al — 7: This ask price occurs if the trader at t = 2 chooses a SLO (which can be chosen by
either an informed seller or an uninformed seller).

2) A?%: This ask price occurs if the trader at ¢ = 2 decides a BMO (which can be chosen either
by an informed buyer or a liquidity trader). Notice, that an uninformed buyer observing no change
in the LOB will not choose a MO (see 2.4.1).

3) Al: This ask price occurs all the other times.

Al + Bl
B (ho0,) =6 (- 2550 )+

A _ _
+ max {o, (1—6%)5 [2 (ﬂéﬁﬁ};“’ +(1— w)fgfb?;@) (E@|B1 = 9,8y = SLO) — Al +7) +

A o 1A
+ (;@%f + 2) (E(@]By = @,B, = BMO) — A?) +

A 3 _ A _ 1—A
o (13 (et e 0 mti) - (i 1)) -
x (E(3]By = @, B2 # SLO, BMO) — A})]},

where

IIL,Bl =z __
SLO,2

1, ifatt=2, an IL selects a SLO when By = &,
0, otherwise,

JUSBi=0 _ { 1, ifatt=2, an US selects a SLO when B = &,
SLO2

0, otherwise,

JIHBi=5 _ { 1, ifatt=2, an IH selects a BMO when B; = &,
0

, otherwise.

10



After some computations, it follows that

57 (1—0])T3

if 0(k1+rKk—1)>k— k1,
) Qs+ (1 — ) (Do +I's) (ka ) !
7 Lom (1 9Ty I
2 and 5(k1 +K—1) > 0k,
R+ (1= m) (Do + Ty e D20
0, otherwise,
1- 60395+ (1 - 6Y) 55T
US,B1=2 1, i (1-6)3%+ 1~ 01)3 55 (ky — 1 — Zk) > 0,
ISLO,2 = 7'('93—}-(1—71') (F0+F3)
0, otherwise,
: (1-67)157T;
_ 1, if Kk —k; > max < 0Lk, 2 0(k1+rk—1),,
IEe L= X{ 2y (1) (T 1) 1A
0, otherwise.
Note that
IIL,Blzg
E@B1 = 2,By=5L0) =~ —rr g2 kT,
wlsion  +(L=m)Isrob -
A [LHB1=2
E@B1 = @,By=BMO)=pu+ BN =5 k7, and
11—+ /\7TIB]V’1072

T

A I[H,Blzg _ IIL,BIZQ
BLO,2 SMO,2

KRT.

E(v = O LO,BMO) =
(0| By By # SLO,BMO) = pu+ 7US01=0 1=\ | A [IH0:1=0

by I1L,01=2 by
-3 (WISLO,12 + (1 =) 5o )_ (T+§ BMO.2 )

Therefore,
A _ _
E (H%go,l) = max {O, (1— 91U)6 [2 (ﬂ[éi’g};@ +(1- F)Igfbl?§7®> X
ILB =0
X (M - L5102 KT — o — k17 + T) +
TLBi= US,Bi=
ml5r00 “+1- WY °
IHBi=0
N <1 - 4 /\ﬂ_IIH,Blzﬂ) L+ Al Br10,2 PR .
2 27 BMO2 1— A+ Ml

_l’_

2
A IHBi=2 IL.B =0
( o7 (IBLO,Q - ISMO,2 )

by IL,B1=92 US,B1=2 11—\ A I1H,B1=92
1- (WISLo,z + (=m0 )_( 5~ T 5™ g0, )

A ([ ILB= US,B1= I—XA A _1HB =
<1 — = (WISLO}Q 74 (1-— ”)ISLOé ®> -5 + §7rIBM01,2® X

KT — k17

X
2

11



or, equivalently,

A IL,B1= US,Bi=
E (II%3P0,1) = max {O, (1—067)s [2 (WISLo,lz (- )50 g)
k _ 1—-X A _
(- nanrfiB?) e (57 + ek ) -1) |

)y _ -
—max fo. (1 6936 |5 (~IEE + (1 - mISEEL)

1—X A _
- <2 + 277151{4’%5@> (k1 — ko) — kl} T} —0.
The last equality indicates that when an uninformed buyer selects to go to the DP at ¢t = 1 and
the order is not executed, it is optimal for him to choose to cancel the order. To understand why
the payoff at ¢ =1 of a BDO — BMO for the uninformed trader is always negative, let us rewrite

the corresponding payoff as

0Y.0-+(1—0Y)s (—kﬁ + % (ﬂgggl,;@ +(1- w)fgfgf;@) T (ﬁ]é%g;g + 1?) (ks — k1) T) .
This is because if a BDO is executed at ¢ = 1, then its expected profits are zero, which occurs
with probability #}. If the order is not executed at t = 1 and returns to the market at the end of
the second trading period, which occurs with probability 1 — 6Y, then expected profits depend on
whether the uninformed trader who returns to the exchange decides to submit a NT or MO. If
the uninformed trader selects NT then the expected profits equal zero. If he submits a MO then
the profit consists of three terms. The first consists of the expected profits of a BMO at t = 1
for an UB (i.e., —k17). The second is the potential increase in profits due to the possibility that
at t = 2 a new trader arrives and submits a SLO leading to a better price for the uninformed
buyer (given by % (ﬂ[éig};g +(1- ﬂ)Igf(’%:@) 7). The third is the potential decrease in profits
due to the possibility that a trader at ¢ = 2 submits a BMO and, consequently, the MO that
arrives at the end of the second trading period from the DP is executed at a worse price (given
by (— <%7TI£I]1\IJ’%;® + %) (kg — k1) 7). We find that the increase in expected profits due to the
potential arrival of a SLO at t = 2 is not greater than —k;7 and these losses might be even greater
in case that a BMO is submitted at ¢t = 2. Consequently, the payoff at t = 1 of the BDO — BMO
for the uninformed buyer is always negative.

It is important to point out that the expected profits of a DO are negative. Therefore, we
conclude that an U B never goes to the DP at t = 1.

1.5. State (t =1, US)

Note that the game is symmetric and, therefore, the uninformed seller and the uniformed buyer
have identical expected profits.
A summary of the expected profits can be found in the paper. The expected profits for an

informed buyer and seller at t = 2 are summarized in Table C.1 and Table C.2 , respectively. The

12



expected profits at ¢ = 1 of an informed I H and an uniformed buyer U B are summarized in Table

7?7 and Table 77, respectively.
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Internet Appendix IT (Proofs of Proposition 1, Lemma C.1 and
Proposition 2)

In this Appendix we characterize the equilibria in the single-venue market model (Proposition 1)
and in the two-venue market model (Lemma C.2 and Proposition 2). For notations see the paper

and Internet Appendix I.

Proof of Proposition 1. The procedure we follow to check if a particular strategy profile

constitutes a PBE is as follows:

1. Specify a strategy profile for rational traders at ¢ = 1.

2. Update the beliefs of the uninformed trader at t = 2 using Bayes’ rule at all information sets,

whenever possible.
3. Given their beliefs, find the optimal response for the traders at ¢t = 2.

4. Given the optimal response of traders at ¢ = 2, and using Tables B.4 and B.5 in Appendix B

in the paper find the optimal action for rational traders at ¢t = 1.

5. Check if the optimal strategy profile for the traders at ¢ = 1 coincide with the profile suggested
in step 1.

We apply the procedure outlined above to check when each possible strategy profile can be an
equilibrium.
Case A. Suppose that k; > 1.
ENP: (BMO,SMO, BLO, SLO)
First step. In this case Qy=0,Q;=1,Q,=0,T9=0,I"y =0, and I'y = 1.
T ;7:_ = and YVP = 0.
Third step. Applying Lemma 1, we know that at ¢ = 2 the optimal strategy of informed traders

Second step. Using Bayes’ rule we obtain that X1 NP =

is to choose a MO, while the optimal strategy of the uninformed trader is as follows:

14



State of the book UB usSs
(A}, BY) NT NT
MO i sk
(Ai B11) 1 *i\;r AT NT
NT if <k
' 11—+ )mH =2
(A},Bi +7) NT NT
MO it s ko
(A}, BY) NT S
NT if k
Yl o
(A} — 71, B{) NT NT

Table I1.1: Optimal responses of uninformed traders at ¢ = 2 when the strategy profile at t = 1 is
(BMO,SMO,BLO,SLO,).

Fourth step. Given the optimal response of traders at ¢ = 2, we find the optimal action for all
rational traders at ¢ = 1.

Informed traders at ¢ = 1 have no incentives to deviate from the prescribed strategy profile
whenever

1—
m—klzé A

(k+k —1). (IL.1)

Uninformed traders at ¢ = 1 have no incentives incentive to deviate from the prescribed strategy
if and only if
(I=XN) (k1 —=1) =AM (k— (k1 —1)) > 0. (I1.2)

Fifth step. Nobody at ¢ = 1 has unilateral incentives to deviate from (BMO,SMO, BLO,SLO)

when both conditions (/1.1) and (I7.2) are satisfied, and these conditions can be rewritten as
o> ko ror and PIN < 4%, . (I1.3)

where

o _ 0k —1)(1=X) +2k

1-N) (k1 —1)7

. PIN = Ar and 9o _nr = o—(ki—1)7

Finally, we consider the moves that are in the equilibrium path and must take into account that
(BMO,SMO,BLO,SLO) is the strategy profile chosen at ¢ = 1. Combining Expression (/7.2)
and Table II.1 it follows that an uninformed traders always chooses NT at t = 2.

ENDP: (BMO,SMO,NT,NT)
For the next three equilibria we provide a sketch of proof. A detailed proof could be provided on
request by the authors.

In this case Q9 =0, Q21 =1, Q2 =0,Tg=1,I'1 =0, and I'y = 0.

A
Using Bayes’ rule we obtain that X2NP = ﬁ and Y2NP is undetermined Y2NP ¢
— T
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[0,1] (as Bayes’ rule implies Y2VP = 9)

We show that no trader at t = 1 has unilateral incentives to deviate from (BMO,SMO, NT,NT)

if and only if
o Z I{{WO—LOT and PIN 2 d)gO—NT‘

In the following table we include the moves that are in the equilibrium path at t = 2 for an
uninformed trader, taking into account the conditions that must be satisfied if the strategy profile

chosen at t =1 is (BMO,SMO,NT,NT).

State of the book UB us
(A}, BY) NT NT
MO i — 2 sk
(A%Bll) 1_§\7I‘+ )\ﬂ' NT
NT if - T PU k‘g
MO i — 2 sk
(A}, BY) NT B
NT 1f71_)\+)\7r/i§k2

Table I1.2: Optimal choice of uninformed traders at t = 2 when the strategy profile at ¢ = 1 is
(BMO,SMO,NT,NT).
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ENP: (BLO,SLO, BLO, BLO)
In this case Q29 =0, =0,Q2=1,10=0,I'1 =0, and I'y = 1.
Using Bayes’ rule we obtain that X3NP =0 and Y3VP = r.
No trader at t = 1 has unilateral incentives to deviate from (BLO,SLO,BLO,SLO) if and
only if
o < ko ror and PIN < %, yrp. (IL.4)

In the following table we include the moves that are in the equilibrium path at ¢ = 2 for an unin-
formed trader, taking into account the conditions that must be satisfied if (BLO, SLO, BLO,SLO)
is the strategy profile chosen at ¢ = 1.

State of the book UB Us
(A7, BY) NT NT
MO 7wk >k
1 1
(41, Bi +7) { NT ifrk <k NT
(A}, B?) NT NT

(A%_TaBll) NT

MO if k> ky
NT ifrx <k

Table I1.3: Optimal choice of uninformed traders at ¢ = 2 when the strategy profile at ¢t = 1 is
(BLO,SLO,BLO,SLO).

ENP. (BLO,SLO,NT,NT)
In this case Q9 =0, =0,Q=1,Tg=1,T"1 =0, and I's = 0.
Using Bayes’ rule we obtain that X*NP =0 and Y4NP = 1.
We show that nobody at ¢t = 1 has unilateral incentives to deviate from (BLO,SLO,NT,NT)
if
o < kho_ror and PIN > ¢, yr. (IL5)

Table I1.4 includes the moves that are in the equilibrium path at ¢ = 2 for an uninformed trader,
taking into account that (BLO,SLO, NT, NT) is the strategy profile chosen at ¢t = 1.

State of the book | UB | US
(A1, B}) NT | NT

(A7, BY) NT | NT

(A1, B} + 1) MO | NT
(A}, B?) NT | NT

(Al — 7, B{) NT | MO

Table I1.4: Optimal responses of uninformed traders at ¢ = 2 when the strategy profile at t = 1 is
(BLO,SLO,NT,NT).

Case B. Note that when k; = 1 the conditions (I7.2) and (??) are never satisfied and, there-
fore, the strategies (BMO,SMO, BLO,SLO) and (BLO,SLO,BLO,BLO) cannot be part of an
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equilibrium of the game. By contrast, when k; = 1, the conditions (??) and (??) are always
satisfied. However the condition (?7?) is never satisfied when k; = 1 and, therefore, the strategy
(BLO,SLO,NT,NT) cannot be either part of an equilibrium of the game. ]

Proof of Lemma C.1. We develop our proof for buyers and, by symmetry, the same expressions
will follow for sellers.

In what follows, we do not consider the strategies of NT' and BDO — NT for the informed
traders at t = 1 because their corresponding expected profits are always smaller than the expected
profits of BMO and BDO — BM O, respectively (see Internet Appendix I). Notice that because of
this, we write BDO to refer to BDO — BMO for an informed buyer. Similarly, we do not consider
the strategies of BMO, BDO — BMQO, and BDO — NT for the uninformed buyers at t = 1 because
their corresponding expected profits are always smaller than or equal to the expected profits of NT.

We have defined in the paper as X as the uninformed traders’ belief at ¢ = 2 about the
probability that the MO (observed in the LOB) was submitted by an informed trader, ¥ as the
uninformed traders’ belief at ¢ = 2 about the probability that the LO (observed in the LOB)
was submitted by an informed trader, and Z as the uninformed trader’s belief at ¢ = 2 about the
probability that a DO that returns to the exchange as a MO at the end of the second trading
period was submitted by an informed.In each equilibrium EiD we denote by XD Y& 74D the

corresponding belief X,Y, Z

Xi’D o )\ﬂ'Ql
1—/\—|-)\7TQ1+)\(1—7T)F1
4 0,
Yyl = 77 IL.
7TQ2—|—(1—7T)F2 ( 6)
ZiD  _ (1-60)7mQs

(1 =07+ (1-07) (1 —m)T5’

In addition, we have defined Pr as the probability of execution of a limit order placed by an informed

trader at t = 2 when there is no change in the LOB during the first trading period as

e
- 7 Qs+ (1—7)(To+Ts)’

Pr =il (Bi = 2) = plio, (B = 2)
and Py as the probability of execution of a limit order placed by an uninformed trader at ¢t = 2

given that there are no changes in prices in the LOB during the first trading period, and equals

1(1—=0DHrQs + (1-6Y) (1 —m)T3
Py = pgios (Br = @) = p§ios (Br=2) = 5 ;93 g _( p (plo)+ Ts)

18



Finally, we have defined the following constants:

Oxip = m
’ XDy — k’Q;kl ’
by = YRR
’ XZ’DK—%7
k— k1
0 = — (I1.7)
g = "okl
I€+§
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EP . (BMO,SMO, BLO, SLO)
First step. In this case Qy=0,Q2; =1, 2 =0,Q03=0,T9y=0,I'1 =0,y =1, and I's = 0.
Moreover, 85 = 61 and 0¥ = 0V

Second step. Using Bayes’ rule

AT
xtb - 7 yLD_qg zWP = ,c0.1
1—=A+ 271’ ’ 0,1,
UB,Bi=2 US,Bi=2 IHBi=5 _ ILBi=%
PBLOS = psros €101, and pproly =psios  €1[0,1].

Third step. Using step 2 and taking into account that p%]i"a2 (B =9) = pgfog (B = @) €0,1],

at ¢ = 2 the expected profits of uninformed traders are as follows:

UB BMO BDO BIO T
. 0 P (2 Pn 1) | 0
(43,B]) | (XPr—ko)7 | 6F (X'Ps— k) ; .
(A%’Bll +7) —ki7 —%957’ 0 0
(ALBY) | = (X"Pr4 ki) 7 | —6Y (XLDH gk, 0 .
(A=, Bh) | —(ki—1)r1 e 5 -

Table I1.5: Expected profits of uninformed buyers at ¢ = 2 when the strategy profile at ¢ = 1 is
(BMO,SMO,BLO,SLO,).

Us SMO SDO SLO NT
(A1 BY) “hir 0 S5 5y~ 2Pm 1) 7|
(43,B]) | = (X Pk + k)7 | —08 (X1Pk — Bagh) 7 0 ;

(ALBl+7) | —(ki—-D7 U, . -
(A%a B%) (XLDIQ — kg) T eg (XLD;Q _ @) T 0 0
(A% -7, Bll) —le _%957— 0 0

Table I1.6: Expected profits of uninformed sellers at ¢ = 2 when the strategy profile at t = 1 is
(BMO,SMO,BLO,SLO).

Hence, the optimal strategies for the uninformed are:
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Optimal Strategies of Uninformed Traders at ¢t = 2
State of
the Book UB US
pUBﬁl:z —0 pUBﬁlzz —0
. BLO2  — . BLO2
1 1 NT if or Zl’D > kll;l NT if - Zl’D > klﬂ_l
(AlaBl) U3731:@ > 0 UB,B1=@ > O
BLo if  Psroz =7 sLo it Psroz =7
and Z"7 < "= and 27 < FL=
NT if  XLPr<hh
BDO if Rok o XLDk <k
ko < X1P it XLDy < kahi
(AZ Bl) BDO if ; QU 0 " SDO it X < 2
1 1 and 2 > Xl,D NT 1f k’2;k1 < Xl’D/‘i
BMO it by < X175
! and Hg <0x1p
(A1, B + 1) NT SDO
( NT if X'Pp<hih
SDO if Rk < XLDy <k
1,D
A BDO if X'k < ok DO it ks <UX K
(A1, BY) NT if Rk < xLD, and 05 > O0x1.p
S ” ko < XD
SMO i and HQU <Ox1,p
\
(Al — 7, B{) BDO NT

Table I1.7: Optimal strategies of uninformed traders at ¢ = 2 when the strategy profile at t = 1 is

(BMO,SMO, BLO, SLO).

IHBi=2

Using that ppros,

ILB =2
=Psro,2
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TH BMO BDO BLO NT
(ALBD) | (v—k)r 05kt Phros d(s+ki—1)7 | 0
(A%,Bll) (k —ka)T 95 H—@)T 0 0

(A, Bi+7) | (h—Fk)T 0y (h—3)T 0 0
(Al, B?) (k—k1)T 0% (K + K25kt 0 0
(Al—7,BD) | (sk—ki+1)7| 0l(k+3)T 0 0

Table I1.8: Expected profits of informed buyers at ¢ = 2 when the strategy profile at ¢ = 1 is

(BMO, SMO, BLO, SLO)

IL SMO SDO SLO NT
(AL, B (k—ki)T 01k Psros S(k+ki—1)7 | 0
(A2, B}) (k — k1)T 02 (K + @ T 0 0

(ALBi+7) | (k—Fk1 +1)7 2 (K,—F%)T 0 0
(ALBY) | -k | of (n+ i) 0 0
(A1 —7.B1) | (k—k)T O3 (k—3)T 0 0

Table I1.9: Expected profits of informed sellers at ¢ = 2 when the strategy profile at t = 1 is
(BMO,SMO,BLO,SLO)

Define BX, SX, BY, SYas

BX =

SX =

BY =

SY =

BMO if pit5i=2 < -k
r—kq

BLO if pgggf;g

r—k1

SMO if pyroly® <

e ILB1=0 k—k
SLO it psros ™ > spk=D

_ I
BDO if ptitEi=2 b2

. = 61
BLO if pgi’glz > 2"
9%&

SDO i po” < 5

.o ITHB =2 0k
SLO if Ppros = 5(n+?cr1)

The optimal strategy for an informed trader at ¢t = 2 is:
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Condition Optimal Strategies of Informed Traders at t =2
State of the Book IH 1L
(AL, B BX SX
Case I (A2, B BMO SMO
by < (AL Bl +1) BMO SMO
’ (AL, B2) BMO SMO
(Al — 7, B}) BMO SMO
(AL, BY) BX SX
Case Iy (A2 Bl BDO SMO
ey <0 < IR (AL, Bl 1 7) BMO SMO
’ ’ (Al, B?) BMO SDO
(A} — 7, B}) BMO SMO
(AL, B]) BX SX
. Case {3 . (A2, BY) BDO SDO
H@ <Oy < (AL, Bl + 1) BMO SMO
(A}, BY) BDO SDO
(Al — 1, B}) BMO SMO
(A}, B}) BY SY
Case Iy (A%, BY) BDO SDO
mh e <l (AL, B! + 1) BMO SMO
’ (A}, B2) BDO SDO
(Al — 7, B}) BMO SMO
(A}, BY) BY Sy
Case I (A2, B}) BDO SDO
B < g < meRE (AL, Bl +71) BDO SMO
’ ’ (Al B?) BDO SDO
(A} — 1, BY) BMO SDO
(Al, B BY SY
Case I (A2, B}) BDO SDO
R < 6] (Al B! 1) BDO SDO
’ (Al, B2) BDO SDO
(Al — 7, B}) BDO SDO

Table I1.10: Optimal strategies of informed traders at ¢ = 2 when the strategy profile at ¢ = 1 is
(BMO,SMO,BLO,SLO)

Fourth step. Given the optimal response of traders at t = 2, we find the optimal action for the
traders at t = 1 in each of the 6 cases. However, given the nature of this particular equilibrium, we

can group cases and analyze them in the following way:

—k
Case[1+IQ+I3:9£§H L
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e Informed traders

— K

As%gﬁ

strategy profile whenever

, informed traders at ¢ = 1 have no incentives to deviate from the prescribed

1-A
k—ki > T(S(n—i—kl—l) and
1-— _ - 1-A
K—k > O0lk+(1—06D)0 <m — K+ A(Q@Igfg?;@ — (ko — k1) <mg%{;® + 2>) .
e Uninformed traders
;o k—k k—ki+1 . . . .
As 05 < < T uninformed traders at ¢ = 1 have no incentives to deviate from

K+ 2
the prescribed strategy profile whenever

(1—/\)(/€1—1)—)\7T(/ﬁ:—(k1—1))>0.

—k
Case[4—|—I5+I6:ﬂ !

< 6!
e Informed traders
Consider an informed buyer at ¢ = 1. If he chooses a BM O, then he obtains
E (HIB%O,I) =(k—ki)T.
If instead he deviates towards a BDO, he will obtain

1— _
E (o) = 0lkr+(1—060)s [A(Qﬂlgfb?;—@ + (k— k1)

o 1-A
—(ks — k1) (mé@fv}g{;@ + 2)] T.

I*i—k‘l

Combining the previous expression and the fact that < 0% = 01 it follows that

E (HIB%O,I) >E (HJIB%O,I)

is always satisfied and, hence, we conclude that in this case there is no equilibrium in which
(BMO,SMO, BLO,SLO) is the strategy profile chosen at ¢t = 1.
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Fifth step. Based on the above, nobody at ¢ = 1 has unilateral incentives to deviate whenever

K—kl

)

0 < -
(1=X) (k1 —1) = A (5 — (k1 — 1)) > 0,

1—
/{—klzT)\é(fi—{—kzl—l) and

1-— _ 3 1_
K=k > 0K+ (1—0])0 <A( 2”)135’0%—‘2’+(m—k1)—(kz—kl) <m{3§%{5@+;>>.

These conditions are equivalent to

I
01 S Qa
U
PIN <4YLo_n1:
o > ko roT, and

PP
01 < 0nmo-po,

where 6 is defined in (/7.7) and

K—ki—9 (A(lgﬂ) Iios © 4 (k= ki) = (ks — k1) (Aﬂé%?z’ + %))

p— 6 (MG o+ (k= ) — (e = k) (M85 + 152))

Orvo—po =

Notice that it can be proved that /Q\Mo_ po < 8 and, therefore, we can simplify further to
o> rho rom, PIN <¢¥s yp and 61 < 6p0-po. (11.8)

Finally, in the following tables we include the moves that are in the equilibrium path taking into
account the conditions that must be satisfied if (BMO,SMO, BLO,SLO) is the strategy profile
chosen at t = 1 and the fact that in this case 0 = 1.

Concerning uninformed traders notice that the condition (1 — \) (k1 —1)—=Ar(k — (k1 — 1)) >0

implies that X Pk < k; — 1 < k. Hence, the optimal choice of uninformed traders is
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Condition Optimal Choice of Uninformed Traders at t =2

State of the Book UB USs

D

Case Ulg1
b1 < b (43, B) NT | spO
or (AL, B + 1) NT SDO
ky—1> @ (A}, B?) BDO NT
and XPr < % (A%_TaB%) BDO NT
Case U2€1D (A2, B) NT NT
ky— 1> ki (A}, Bf +17) NT SDO
and Xl’Dﬁ:@ (A}, BY) NT NT
(Al — 7, B}) BDO NT
Case UST (A2, B} BDO NT
ky— 1> ki (A}, Bf +1) NT SDO
and@<X17D/@<k1—1 (ALB%) NT SDO
(Al — 71, B}) BDO NT

Table II.11: Optimal choice of uninformed traders at ¢ = 2 when the strategy profile at t = 1 is
(BMO,SMO,BLO,SLO)

In relation to informed traders:

Condition Optimal Choice of Informed Traders at t =2
State of the Book IH IL

Case I (A%, B}) BMO SMO
ol < Hk—Qk;le (AL, B + 1) BMO SMO
Ry (Al, B?) BMO SMO
(Al — 7, B}) BMO SMO
Case I (A%, B]) BDO SMO
noky gl < _nky (A}, B} + 1) BMO SMO
A N e (A}, B?) BMO SDO
(Al — 7, B}) BMO SMO
Case I3 (A3, BY) BDO SDO
K= " (A}, B?) BDO SDO
(Al — 7, B}) BMO SMO

Table I1.12: Optimal choice of informed traders at t = 2 when the strategy profile at ¢ = 1 is
(BMO,SMO,BLO,SLO)

26



EP . (BMO,SMO,NT,NT)

For the next five equilibria we provide a sketch of proof. A detailed proof could be provided on
request by the authors.

In this case Q9 =0, 21 =1, Q2 =0,Q23 =0,y =1,y =0, 'y =0, and I's = 0. Moreover,
02 = 61 and 0¥ =0V

Using Bayes’ rule we obtain the following beliefs

AT

X0 = T VP ey e 0], 220 =2 e 0.1],
UB,Bi=2 __ US,Bi=2 __ 0 d IHBi=2 _ ILBi=2 0
Ppro, = Psro2 =Y, andppros =Pgro2 “— VY

We show that nobody at ¢ = 1 has unilateral incentives to deviate whenever

Ii—kl

9

I
<
0; < -
(1 =) (kp —1) = Mt (5 — (k1 — 1)) <0,
/i—/ﬁz%ﬂ/i—i—kl—l) and
H_kl29{"“1'(1—9{)5</‘f—k‘1—(k‘2—k‘1) <)\7r—|—2)\>>.

These conditions are equivalent to:

0f <o,
U
PIN = Yro_nTs
o> ko o7, and

-
01 < 0mo-po,

where 0 is defined in (/1.7) and

T+ 2))
TTh) (I1.9)

_ ﬁ—kl—é(n—kl kg—kl(
Ovo-po = -

/€—5(/€—k1 (kg—kl)()\

Notice also that it can be easily proved that 63;0_po < @ and, therefore, we can simplify further

to

o>ko 1o, PIN > 4%, nr, and 8] <0y0_po. (IL.10)

Finally, in the following tables we include the decisions that are in the equilibrium path taking
into account the conditions that must be satisfied if (BMO,SMO, NT, NT) is the strategy profile
chosen at t = 1 and that in this case 65 = 61.

In relation to uninformed traders, and taking into account that a necessary condition for this

equilibrium tells us that k1 — 1 < X?Pk, the following cases can be distinguished:

27



Condition Optimal Choice of Uninformed Traders at t =2
State of the Book UB Us
ep 1 pl
Case U;* (A1, By) NT NT
i —1< X2Dg < b2k (43, B) NT SDO
(A}, B?) BDO NT
ep 1 pl
Case U,? (A}, By) NT NT
ki —1 < X2Pg = kochr (A2, B]) NT NT
(A}, B?) NT NT
D
Case Ugg2
max {ky — 1,255 | < X2Pp <k (A1, B}) NT NT
or (A2, B}) BDO NT
1 p2
ky < X2Pk and 0¥ > 0x2.p (A1, BY) NT SDO
Case UfQD (A1, By) NT NT
ky < X2Pg and Y < Oy0 (A7, B) BMO NT
(A}, B?) NT SMO

Table I1.13: Optimal choice of uniformed traders at ¢ = 2 when the strategy profile at ¢ = 1 is

(BMO, SMO,

NT,NT)

In relation to informed traders:

Condition Optimal Choice of Informed Traders at t =2
State of the Book IH IL

Case L (Al B} BMO SMO
01 < 5o (A2, BY) BMO SMO
: (Al B?) BMO SMO
. Case I . (Al B} BMO SMO
oo <0 < Ry (42, BY) BDO | SMO
’ ’ (Al B2) BMO SDO
. Case I3 . (Al, B} BMO SMO
ey < 0] <R (42, B BDO SDO
: (AL, B?) BDO SDO

Table I1.14: Optimal choice of informed traders at ¢ = 2 when the strategy profile at ¢ = 1 is
(BMO,SMO,NT,NT)
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EP:(BLO,SLO,BLO, BLO)

In this case 20 =0, 2, =0, Q% =1,03=0,I'g=0,I'1 =0, 's =1, and '3 = 0. Moreover,

01 =6 and 0V =Y.

Using Bayes’ rule we obtain the following beliefs

X3P = 0,3’ =7gand 723P =2 € 0,1],
UB,B1=9 US,Bi=2 IH,B1=2 IL.B1=2
PBLO 2 = psroe €101, and pproly =psros €1[0,1].

The conditions under which nobody is willing to deviate at t = 1 are:

o< K,{V[O_LOT, PIN < @ZJ%O_NT, anﬂ 0{ < min{Q,@Lo_Do},
or  PIN <9Y, yrand 8 <6/ <min{0,0,5_po},
or k’l >1 and g < 0'1[ S QLO—DO'

(IL11)

Finally, in the following tables we include the moves that are in the equilibrium path taking
into account the conditions that must be satisfied if (BLO,SLO, BLO, SLO) is the strategy profile

chosen at t = 1 and the fact that in this case 6 = 67.

Condition Optimal Choice of U
State of the Bool
Case U53D (A%a B%)
Y3’D/€ <1 1 (A%’ B% T T)
-2 (A1, BY)
(A% - T, B%)
Case Ug?j’j
Concerning uninformed traders, it follows that 2 (A3, B})
% <Y3Pg <k 1 pl
(Alv Bl + 7—)
or
(A1, BY)
Y3Pk > kjand 65 > Oysp (Al — 7, B)
ep (A%a B%)
Case U5®
V3Pks > k and30U <0 (41, B +17)
TR3 1 < Uy3,p
2o (A}, BY)
(A% - T, Bll)
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In relation to informed traders:

Condition Optimal Choice of Informed Traders at t =2
State of the Book IH IL
2 1
Case I (A7, By) BMO SMO
ol < _n—ks (A}, B] +7) BMO SMO
= Fo—F
B (A}, BY) BMO SMO
(A{ — 7, B}) BMO SMO
2 1
Case I (A7, By) BDO SMO
rk—ko I k—k1 (A%,B% +’7’) BMO SMO
ko—kq <0 < Fo—k1 N
" (A}, BY) BMO SDO
(A{ — 7, B}) BMO SMO
2 1
Case I3 (A1, By) BDO SDO
S =1 (A}, B} +7) BMO SMO
i T (A}, B}) BDO SDO
(A{ — 7, B}) BMO SMO
2 1
Case Iy (A1, By) BDO SDO
Kok gl < n=hy (A1, Bf +7) BMO SMO
T (A}, BY) BDO SDO
(A{ — 7, B}) BMO SMO
2 1
Case I (11417551) BDO SDO
ek gl < nokidl (A1, B +7) BDO SMO
SR (A}, BY) BDO SDO
(A} —7,B}) BMO SDO
2 1
Case I (lApfl) BDO SDO
kil o gl (A1, Bf +7) BDO SDO
" (A1, BY) BDO SDO
(A] —7,B}) BDO SDO

Table II.15: Optimal choice of informed traders when the strategy profile

(BLO, SLO, BLO, SLO).
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EP . (BLO,SLO,NT,NT)
In this case Q9 =0, Q1 =0, =1,Q3=0,Tg=1,I'1 =0, 'y = 0, and I'3 = 0. Moreover, § = 61
and 6Y = 6Y.

Using Bayes’ rule

x40 — o, v4P =1, 24P =2 € 0,1],
UB,Bi=2 __ USBi=2 __ 0 d IHB1=2 _  ILB1=2 __ 0
Ppro, = DPsroz2 =Y, aldPproo =Psro2 — VY

The conditions under which nobody is willing to deviate at t = 1 are:

- (IL.12)
or PIN > ng—NT and Q < 0{ < min{@,eLo_Do}.

Finally, in the following tables we include the moves that are in the equilibrium path taking into
account the conditions that must be satisfied if (BLO, SLO, NT, NT) is the strategy profile chosen
at t = 1 and the fact that in this case 8 = 61 and Y = 6V.

Concerning the uninformed traders, we have

Condition | Optimal Choice of Uninformed Traders at t =2
State of the Book UB UsS
(AL, BY) NT NT
D
Case Ulg4 (A2, BY) NT SDO
Gg > 9y4,D (A%,B%-FT) BMO NT
(AL, BY) BDO NT
(A} — 71, BY) NT SMO
R (AL, BY) NT NT
Case U (A%, BY) NT SDO
0¥ < Oyap (AL, B} + 1) BDO NT
(A}, BY) BDO NT
(Al —7.B]) NT SDO

Table 11.16: Optimal choice of uninformed traders at ¢ = 2 when the strategy profile at t = 1 is
(BLO,SLO,NT,NT).

For informed traders, we have:
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Condition Optimal Choice of Informed Traders at t =2
State of the Book IH IL
(A1, B}) BMO SMO
Case I L (A2, B BMO SMO
0] < R (AL, Bl +7) BMO SMO
’ (AL, B2) BMO SMO
(Al —7,B}) BMO SMO
(A}, BY) BMO SMO
Case I (A2 Bl BDO SMO
r—ko 91 < Kk—k1 1 1’1 !
Rk < = T RR (Alv By + T) BMO SMO
’ ’ (AL, B2) BMO SDO
(Al — 7, B}) BMO SMO
(AL, B}) BMO SMO
. Case I3 . (A2, B BDO SDO
o <01 < (Al B! + 1) BMO SMO
’ (Al, B2) BDO SDO
(Al — 7, B}) BMO SMO
(AL, B}) BDO SDO
Case 14 (A2, B]) BDO SDO
r—k1 I < k—k1 1 1’1 !

<t =TT (AL, Bl +7) BMO SMO
(A}, B?) BDO SDO
(Al —7,B}) BMO SMO
(A}, BY) BDO SDO
Case I (A2, B} BDO SDO
MAL < gf < mRgE (AL, B} + 1) BDO SMO
’ ’ (AL, B2) BDO SDO
(Al — 71, BY) BMO SDO
(A}, B}) BDO SDO
Case I (A2, B}) BDO SDO
S <o (AL, Bl 1 7) BDO SDO
(A}, B?) BDO SDO
(Al —7,B}) BDO SDO

Table I1.17: Optimal choice of informed traders at ¢ = 2 when the strategy profile at ¢ = 1 is
(BLO,SLO,NT,NT).

&P . (BDO,SDO, BLO, SLO)

In thiscase Q9 =0, =0,Q,=0,Q3=1,Tg =0, =0, 'y = 1, and I's = 0. Moreover, 6 < 6!
and 0§ < 6Y.

Using Bayes’ rule we obtain X°>P =0, Y5 =0 and 25" = 1.
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We show that nobody at ¢ = 1 has unilateral incentives to deviate from (BDO, SDO, BLO,SLO)
whenever
PIN < ng—NT’ 9{ > maX{?Mo_Do,gLo_Do}, and 9% < min {Q, 9{} ,

or PIN < wgo_NT, Oro—po < 9{, and 6 < 95 < min {5,0{},
or ki >1, AéLO_DO < 9{, and 0 < 05 < 9{.

(IL.13)

Finally, we consider only the moves that are in the equilibrium path taking into account the con-
ditions that must be satisfied if (BDO,SDO, BLO, SLO) is the strategy profile chosen at t = 1.

For uninformed traders,

Optimal Choice of Uninformed Traders at t = 2
State of
the Book uB Us
(AL, B}) NT NT
(A% B}) NT SDO
(A{,Bf + 1) NT SDO
(AL, B?) BDO NT
(A{ —7,B{) BDO NT

Table 11.18: Optimal choice of uninformed traders at ¢ = 2 when the strategy profile at t = 1 is
(BDO,SDO,BLO,SLO,).

For informed traders,
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Condition Optimal Choice of Informed Traders at t =2
State of the Book IH IL

(AL, B]) BMO SMO

Case Iy (A2, B BMO SMO

0f < ke (AL, B! + 1) BMO SMO

’ (AL, B2) BMO SMO

(Al — 7, B} BMO SMO

(A}, BY) BMO SMO

Case Iy (A2 Bl) BDO SMO

ol <0 < (Al B} + 1) BMO SMO

(Al, B?) BMO SDO

(A} — 7, B}) BMO SMO

(AL, B]) BMO SMO

. Case {3 . (A2, B BDO SDO

R <0y = (A}, B +7) BMO SMO

(A}, BY) BDO SDO

(Al — 7, B}) BMO SMO

(A}, B}) BDO SDO

Case Iy (A2, B)) BDO SDO

sk < gl < o=l (A}, B! + 1) BMO SMO
K K— 11

(A}, B?) BDO SDO

(Al — 7, B]) BMO SMO

(A}, BY) BDO SDO

Case I5 (A2, B} BDO SDO

MAL < g < meRE (A}, Bl +7) BDO SMO

’ ’ (Al B?) BDO SDO

(Al — 71, BY) BMO SDO

(Al, B]) BDO SDO

Case I (A2, B}) BDO SDO

R < 6] (AL, B} + 1) BDO SDO

’ (Al, B2) BDO SDO

(Al — 7, B} BDO SDO

Table 11.19: Optimal choice of informed traders at ¢ = 2 when the strategy profile at ¢ = 1 is
(BDO,SDO,BLO,SLO).

EP - (BDO,SDO,NT,NT)

In thiscase Q9 =0, =0,Q,=0,Q3=1,Tg=1,T; =0, 'y = 0, and I'3 = 0. Moreover, 6 < 6!
and 0§ < 6Y.
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Using Bayes’ rule, we obtain

X6D = 0,Y%P =4 e[0,1] and Z5P =1,
UB,B1=9 US,B1=2 T IH B1=2 IL,B1=2
pBLO,12 = pSLO,12 =(1- 91)5’ and pBLo,12 = pSLO,12 =0
Nobody at t = 1 has unilateral incentives to deviate from (BDO, SDO, NT, NT) whenever

PIN > 9Y, nrs 01 > max{0r0-po,0ro-po}, and 65 < 0,
or PIN > Y, o 0r0-po <0, and 8 < 01 <4, (11.14)
or Oro_po <0, 0<0L <6l and ky = 1.

Finally, in the following tables we include the moves that are in the equilibrium path taking into
account the conditions that must be satisfied if (BDO, SDO, NT, NT) is the strategy profile chosen
at t =1.

For uninformed traders,

Optimal Choice of Uninformed Traders at ¢ = 2
State of
the Book UB US
(A}, BY) NT NT
(A1, BY) NT SDO
(Af, B%) BDO NT

Table 11.20: Optimal choice of uninformed traders at ¢ = 2 when the strategy profile at t = 1 is
(BDO,SDO,NT,NT).

For informed traders,
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Condition Optimal Choice of Informed Traders at t =2
State of the Book IH IL

Case I (Al, B} BMO SMO
03 < 5y (A2, Bl) BMO SMO
’ (AL, B?) BMO SMO
. Case I . (Al, B} BMO SMO
oo <03 < R (A2, B}) BDO SMO
’ ’ (Al B2) BMO SDO
. Case I3 , (Al B} BMO SMO
iR < 6y < =2 (42, B BDO SDO
(Al B2) BDO SDO
Case Iy (AL, B}) BDO SDO
=l < p) < 5k (42, Bl BDO SDO
’ (Al, B2) BDO SDO
Case I5 (A}, B}) BDO SDO
i (A2, BY) BDO SDO
’ ’ (Al B2) BDO SDO
Case I (Al, B} BDO SDO
R < 6] (A2, B BDO SDO
’ (Al, B2) BDO SDO

Table I1.21: Optimal choice of informed traders at t = 2 when the strategy profile at ¢ = 1 is
(BDO,SDO,NT,NT).

Finally, note that substituting k; = 1 into the expressions of 55\/107 o and ¢gof N7» We have that

”{\/[OfLO = m, and
Vo nr = 0.

Moreover, since fig/lo_ o < 2, it follows that f@f\/[O_ LoT < o and PIN > wgo_ n7- Therefore,
using (I1.8)-(I1.14), we have that when k; = 1, the conditions related to &P, &P and &P do
not hold. Moreover, when k; = 1, 5%& < k — 1, which implies that an informed trader at
t = 1 prefers a MO to a LO. Hence, £P is not feasible when k1 = 1. Therefore, in this case we
have that (BMO,SMO,NT,NT) is the optimal strategy profile at t = 1 if 9{ < Opo-po; and
(BDO,SDO,NT,NT) is the optimal strategy profile at ¢t = 1 if

0! > max{0r0_po,0ro_po} and 6] < min {Q, 0{} ,
or 5LO_DO < 9{ and 6 < 95 < 9{.

36



Proof of Proposition 2.

Case A We consider the same four possible cases depending on the initial conditions in the
single-venue market.

Case A.1: 0 < K{WO_LOT and PIN < ng_NT

In this case, we start with a market in which the equilibrium is £P, where conditions (11.4)
are satisfied. In this case, when we add the DP out of the 6 equilibria, there are only two possible
equilibria that satisfy these conditions: £ and £P. From Lemma C.2 we can see that £F is an

equilibrium if conditions (II.11) are satisfied. This can be rewritten as

6] < min{0,020-po}
or 0<0l<0,0_po-

Using the relationship between cutoffs (C.4) (in the paper), we know that 0;5_po < 910-poO-
Then, we consider the following cases: I) 8 < 0;0_po, 1) 8r0-po < 8 < 610-po, and I11)
0r0-po < 0.

Casel: 0 < 0;0_po- AsbOro_po < 010D, it follows that 6 < 610_po. Hence, the conditions

that guarantee that 5:? is an equilibrium can be rewritten as

0] <0
or < 9{ <010-po>

which can be further simplified as
01 <0r0_po-

Case II: 0;o_pop <0 < 0.0-po. In this case, the conditions that guarantee that £ is an
equilibrium can be rewritten as
I
01 <8r0-po-
Case III: ELO_ po < 6. In this case, the conditions that guarantee that 8:? is an equilibrium

can be rewritten as

P
81 < 0ro-po-

Consequently, we conclude that 53D is an equilibrium whenever

9{ <b0ro-po f8<0r0_po,
or 61 <0 if 0,0 _po <0 <0rL0-po,
or 61 < Or0-po ifOro_po < 0.

On the other hand, 5%7 is an equilibrium if conditions (I7.13) are satisfied, and in this case they
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can be rewritten as

0f > max{0r0-po,0ro—po} and 64 < min {6,60]},
or ELO—DO < 9{ and 0 < 95 < 9{‘

Notice that when o < /i{wo_ o7, the informed traders prefer LO to MO and, therefore, Orio—po <

0r.0-po. Hence, 55D the equilibrium if

9{ > 0ro_po and 95 < min {Q, 9{},
or §L0_DO < 9{ and 0 < 05 < 9{.

As a result, when o < /ﬁﬂ/IO_LOT and PIN < wgo_NT, the optimal strategy profiles at t = 1 are

(BLO,SLO,BLO, SLO), if 6] <6} 10,

(BDO,SDO,BLO,BLO) if 61 >6%, ;..

where
9r0-po
1
Oro-ro = 0
fro-po
o1 B 0ro-po
DO-LO = ~
0ro-po

if 0 <010 _pos
if QLO—DO <6< /éLO—DOa and

otherwise
if 65 <min {0, 9{}
0 < 95 < 9{ )

Case A.2: 0 < K{\/lOiLOT and PIN > wgofNT
In this case, when we start with a market in which the equilibrium is £, where conditions

(??7) and (??) are satisfied. In this case, when we add the DP out of the 6 equilibria there are only

three possible equilibria that satisfy these conditions: &P, 55D , and SGD 2

(11.15)

In addition, we can see that £ is an equilibrium if conditions (17.12) are satisfied, and in this

case they can be rewritten as

07 <min{0,0.0-po},
or < 0{ < min{#, gLO—DO}-

Consider the following cases: I) § < 0.0_po and 1I) O0_po < 6.

Case I: § < 610_po. In this case, the conditions that guarantee that 54D is an equilibrium can

be rewritten as

o1 <9,

or < 6! <min{0,0r0-po},

2It is straightforward that when the conditions for the equilibrium ENP are satisfied, the equilibria &P and &P
are not feasible. It can be proved that in this case the equilibrium £ is also not feasible.
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ie.,
9{ < min{g, ,éLofpo}.

Case II: 0;0_po < 6. In this case, ELO,DO < . Thus, the conditions that guarantee that 54D
is an equilibrium can be rewritten as

.-
01 <0ro-po-

On the other hand, &P is an equilibrium if conditions (77.13) are satisfied, and in this case they

can be rewritten as
fr0-po < 01 and 6 < 61 < 6l

Finally, EGD is an equilibrium if

01 > max{0r0_po,0ro_po}, and 8 < min {Q7 9{} ,
or 5LO_DO < 0{, and 6 < 05 < min {5, 9{},

Given that ¢ < /@{V[O_LOT, we know that the informed prefer LO to MO. Hence, 0r0_po >
0rr0—po, which implies max{6y0-po,0ro-po} = 0ro—po. Thus, the previous conditions can be

rewritten as B
9{ > 0r0_po, and «95 < min {Q, 9{} ,

or ELO_DO < 9{, and 0 < 65 < min {5,9{},

As a result, the optimal strategy profiles of a trader at ¢t = 1 are

(BLO,SLO,NT,NT) if 01 <602 \r
(BDO,SDO,NT,NT) if 0%, vy <0l <0, ;o
(BDO,SDO,BLO,BLO) if 601 >0%, .,

where

02— min{?,@LO—Do} if 8<0ro-po
B 0r.0—po otherwise,

§L0,Do if (95 < min {Q, 9{}

92D20—NT = 5LO—DO if < 9% < min {5, 9{} and (11.16)
1 if min {5, 9{} < 6
522 B 1 it 0l <0
po-Lo = 5Lo_ po if otherwise.

Case A.3: /i{wo_LOT <o and PIN < ng_NT
In this case we start with a market in which the equilibrium is &N, where conditions (71.1)
and (I1.2) are satisfied. In this case, when we add the DP out of the 6 equilibria there are only

two possible equilibria that satisfy these conditions: & and 55D 3 From Lemma C.2 we can see that

31t can be shown that when the conditions for the equilibrium £ P are satisfied, the equilibrium £F is not feasible.
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EP is an equilibrium if conditions (/1.8) are satisfied. Similarly, €5D is an equilibrium if conditions

(I1.13) are satisfied, and in this case they can be rewritten as

0{ > max{0y0-po,fro_po} and 95 < min {Q, 9{} ,
or Oro-po < 0] and @ < 0% < 6.

Given that "55\/107 roT < o, we have that informed traders prefer MO to LO. Consequently,
Orio—po > 0ro—po and, therefore, we have that 55? is an equilibrium if

9{ > aMo_DO and 9% < min {Q, 9{} ,
or Oro_po < 6F and @ < 0} < 01

As a result in this case the optimal strategy profiles of a trader at ¢t = 1 are:

(BMO,SMO, BLO, BLO) if 67 <8y0_po
(BDO,SDO, BLO,BLO) if 61 >6%, .,

where

Ono- if 6] < min{0,6!
0bo-Lo :{ so-po if 6 <min {96} (IL.17)

920-po 9 <05 <ol

Case A.4: /{{WO_LOT <o and PIN > ng_NT
In this case we start with a market in which the equilibrium is &P, where conditions (?7)
and (?7?) are satisfied. In this case, when we add the DP out of the 6 equilibria there are only
three possible equilibria that satisfy these conditions: 82D , Sé) , and 56D 4 From Lemma C.2 we can

see that £ is an equilibrium if conditions (/7.10) are satisfied. Similarly, £ is an equilibrium if

conditions (I7.13) are satisfied, and in this case they can be rewritten as
Or0-po < 6! and 6 < 64 < 61
Finally, £ is an equilibrium if conditions (I7.14) are satisfied, and they can be rewritten as

01 > max{0r0_po,0ro_po} and 65 < min {Q, 9{} ,
or 5LO_DO < 0{ and 0 < 95 < min {5, 0{}

Given that Hﬂ/fo_ roT < o, it follows that informed prefer MO to LO and, therefore, Oro-po <

Or10-po, which implies max{0y0_po,0r0-po} = Oro—_po - Hence, we can rewrite them as

9{ > Oy0-po and 95 < min {Q, 9{} ,
or AéLO—DO < 0{ and 6 < 95 < min {@, 0{}

4Tt can be shown that when the conditions for the equilibrium NP are satisfied, the equilibria P and P are
not feasible.
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As a result, the optimal strategy profiles of a trader at ¢t =1 are

(BMO,SMO,NT,NT) if 6 <0yo-_po
(BDO,SDO,NT,NT) if 03, Ny <01 <6035 10
(BDO, SDO, BLO,BLO) if 61 >63%, .,

gMO—DO if 95 < min {Q, 9{}

where 030 np = 910-po 0 < 0 < min {0,0]} (IL.18)
1 min {6,6] } < 64,
e B 1 if  65<0
bo-Lo = AéLO—DO if 6< 95 < 9{.

Case B. From Lemma C.2, we know that in this case there are only two possible equilibria when
there is access to the DP: £F and £F. Moreover, we have that £F is an equilibrium if conditions

(I1.10) are satisfied, while &P is an equilibrium if

9{ > maX{gMO—DongO—DO} and 9% < min {Q, 9{},
or Oro_po <6l and 0 < 6L <6l

Given that “5\/{07 LoT < o, it follows that informed prefer MO to LO and, therefore, Or0—po <

9MO—DOa which implies maX{gMO—DO7§LO—DO} == gMO—DO . Hence, we can rewrite them as
«9{ > Orro—po and 0% < min {Q, 9{},
or ELO_DO < 9{ and 6 < 05 < 9{.
As a result, the optimal strategy profiles of a trader at ¢ = 1 are
(BMO,SMO,NT,NT) if 6! <0yo0_po
(BDO,SDO,NT,NT) it Opp_nr < 6L,

Oyvo—po if 95 < min {Q, 9{}

~3
where 0 = -
PO-NT { Oo-po if 0<6l<ol
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Internet Appendix III (Proof of Propositions 3, 4 and 5)

Proof of Proposition 3. Let us denote by ItN D.i (ItD z) the price informativeness in trading period

t corresponding to the equilibrium ENP (£P). Note that

P — R (Var (V) —=Var <V| (AéVD’i, BéVD’i)>) and
L = E(Var(v) = Var (VI (437 BYP7)), (4P, B0)),
where <AéVD’i,BéVD’i) and (AéVD’i,BéVD’i> represent the best prices at the end of period 1 and
at the end of period 2, respectively, corresponding to the equilibrium SiN D Analogously, we can
D,i Dii
define I, and ;.

We first compute the price informativeness at t = 1 for the equilibria of the single-venue market.

Next, we use the following expressions:

Var (V) = k272,

Var (VI (4574 BY70)) = pr (v = v (4, BP0 (v —E (V] (AQVD’Z‘,BQD’Z)))Q

pr (V= VE (454, BYP)) (vE - E (v] (a5 BQVD”‘)))Q ,
where pr refers to the probability and

pr (A3 By [V = V) pr(v = Vi)

pr ((AéVD,i’ BéVD,i)) ’
pr(V=vE (AP BYP)) = 1w (V= v (43P 5P ) and

or (V = i (AQVD’Z’, BéVD’i)) _

E (V] (43 By P)) = pr (v = v (AP0, BP0 ) ) VI (V= VE| (43P0 BYPT) ) v

We compute these expressions for each equilibria of the single-venue market as follows:

ND,
END;
(AéVDJ’ BéVD,l) pr ((AéVD,laBéVDJ)) or (V _ VH| (AéVD,ljBéVDJ)) E <V| (AéVD,ljBéVDJ))
_ Ar+1=2
(A%aBll) AW+21 A /\7r+13)\ B+ /\7TJ);71rf)\HT
AM1—7
(A1, Bi +7) (2 : I%A 15
1 P2 Ar+1—)\ 5 pNs
(Ala Bl) . 2 )\7r+217)\ H = a1 kT
17
(A1 =7, By) b 3 p
and
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(4571 ByPY) [ var (v (a7, B
DT 1IN (1A
(41, B1) : (/\7r+1—))(\)2 k27
(ALBl+7) r?
1 p2 CAT+1-N)(1-X) 272
(A1, BY) T owrinz F
(Al =7, B) wr?
Using the previous tables, it follows that I; ND.1 % 272,

ND
&

<AéVD,2’ BéVD,2>

or ((AéVDQ? BéVD,Q))

pr(V =V (A277 57))

TUORT)

1 pl A1-m3 1
(A1, By) A(l—m) : 1A(A1)T) =3 K
2 pl Art1-) Ar+52) 5w A
(A%, By) = peeaEs il v py T v vy Vo
1 P2 AmH1—\ (ﬁ)l e A
T — 2 2 s
(A1, BY) ~9 XE=h T P L v X
and

(AéVD,Z’ BéVD,Q)

Var (V\ ( AND:2 Bévm))

(AL, BY) K72
2 pl CATHI-N{-X) 2 2
(A1, By) (Am+1-))*
1 p2 @Ar+1-A)(1-A) 2 2
(A, BY) T Omtion? KT
Using the previous tables, it follows that I} ND;2 % 272,
ND
53
<AéVD,3’BéVD,3> or ((AéVD,Z%’BéVD,?))) or <V VH] ( AND:3 BND 3>> <V| < AND:3 BND 3>>
(A%, B}) o 3 I
(A, Bi +17) 3 Lz W+ TRT
(A1, BY) 2 2 z
(Al -7, B}) 3 i p T
and

2

(AéVD,s’ BND:3

)

Var (VI (4575 5579

. 5)
(AL, B + 1) (1 — 7r2) k272
AL B2)
(Al — 7. B}) (1 — 7r2) K272
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Using the previous tables, it follows that I

ND,
END:

ND,3
1 = Am2K272,

(AéVDA’ BéVDA)

or ((AQVDA’ BéVDA))

N I )

S UICRAT),

(AL, Bi) A(l—m) 3 f
(A1, B) 5 3 p
’ 2 2
+7 5 + KT
(A%v Bl1 ) >\27T 1 1%
(41, 5) o : !
) 2 2
(Al — 7, B}) Az 0 = KT
and
(4574 By [ var (vi (43P, B
(A}, B]) K>
(A2.B))
(A1, Bi +7) 0
(ALBY)
(A% - T, Bll) 0
Using the previous tables, it follows that I fv DA — \rr272,

In the two-venue market, if there is no order migration towards to the DP at t = 1, then
the price informativeness remains unchanged, i.e., IlD "t = I{V D’i, for all « = 1,...,4. For the two

remaining equilibria, we have the following:

EP.
(327,57 o (2. 587)) [ (v = (2% ) [ (VI (2% 07)
(A}, B) A 3 I
(A%, B}) 152 3 Il
(A}, Bl +7) i p z
(A}, BY) A 3 1
(Al -, B]) i } "

In this case, Var (V\ (A§’5, 32[),5)) =Var(V), for all (A§’5, B2D’5> . This implies that [1D’5 =0.
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Eqe

RN () I [ G G ) N Gl 0)
T
(ALBY | M+ A(1—7) =) 1%2:%
1-A)\1
(A1, B1) 152 ( %}2 =1
(AL, B2) JEY )z _1
1 1 2 % =3 ILL

In this case, Var (V\ (AQD’G, 35’6)) = Var (V), for all (AQD’G, ) This implies that ID 6—0o.

Finally, the comparison of price informativeness at ¢ = 1 is summarized in the following table:

Price Informativeness at t =1 | &P | EP | &P | eP | P | &P
Ny = >
& = > >
END = >
& =|>1]>

Proof of Proposition 4. We first compute the ex-ante expected inside spread in the exchange

for the equilibria in the single-venue market. In the following table, for each couple of best prices

of the LOB at the end of t = 1, it is displayed the value of inside spread, S, and its corresponding

probability for each equilibrium

S probgfv P probgév P probgév b probgiv P

(Ai, Bi) 2k17 0 A(1—7) 0 A1 —7)
(A3,B]) | (o+k)r | A+ 152 [ An 4 12 122 55
(AL, Bl +7) | (2% —1)r | 20D 0 A i
(ALBY) | (ke+hk)r | F+52 |2+ 152 12 X
(Al =7 B]) | @k —r | 25T 0 A Ar

each equilibrium equal

B (8
B (5

B (5

gND)
)
B (57
)

Using the values included in the previous table, it follows that the expected spreads at ¢ =1 in

(2k1 + (1= A1 —7) (k2 — k1)) = A (1 — 7)) T,
(2k1 + (1 = A1 —m)) (k2 — k1)) 7,
(2]431 + (1 —)\) (k‘Q - ]{:1) —)\) T, and

(21 + (1= ) (kg — k1) — M) 7.

With access to the DP, if there is no order migration towards to the DP at t = 1, then the

D ND
ex-ante inside spread remains unchanged, i.e., Eg (sz ) = [Eg (Slg’ ) , for all = 1,...,4. For the
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two remaining equilibria, the following table shows the value of inside spread and its corresponding

probability for each couple of best prices:

S1 probgf? probgﬁD
(A, B} 2k AT A
(A2, B}) ke +ki)r | 2 1A

( ) 152
(AL, Bi +7) | ( ) 0

(ALBY) | (ket+hk)r| 2 | 132
(Al —7,B}) | ( ) = 0

From the previous table, it follows that

Eo (sff?) — 2k + (1= N)(k2 — k1) — A(1 — 7)) 7 and

E, (SfﬁD) — 2k 4+ (1= Nk — k)T

ep ND
The change in inside spread due to the introduction of the DP is E <5’17 ) —Eo (S‘f" )

b ND
o (51'7 > ~Eo (1)
P [ e [eb | ep &b &D
S{VD 0 -\ (kg — kl) T
gQND 0 —)\(W(kg—kl—l)—i—l)T —)\W(kg—kl)T
%VD 0 ATTT
END 0 A2r—1)T ATT

Therefore, at t = 1 we have the following relationship between spreads in the two-venue market

and the single-venue market.

Eo(S)) | &P | &7 | &7 | &P | & | &
ENP |l = >
ENP = > | >
ENP = <
ENP = | < | <

Proof of Proposition 5. We first summarize the expected profits for rational traders at ¢t = 1

in the single-venue market:
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Expected Profits at ¢t =1

Informed Trader Uninformed Trader
END (k— k)T S((AT+1=N) (k1 —1) = Mrw) T
ENP (k—ki)T 0
END A (o — 1) 7 [ S (M 4+1=A) (k1 — 1) — ATR) 7
ENP w(ﬁ—kkl—lﬁ' 0

When traders have access to the DP, the unconditional expected profits of investors for the
first four equilibria coincide with the corresponding ones given in the previous table. For the two

remaining equilibria, we have the following unconditional expected profits:

Equilibrium Expected Profits of an Informed Trader at ¢t = 1
D Olkr + (1 —00)5 (k— k1 — (ks — k1) (M + 152)) rif 0f < 5P
i Ol + (1 — 003 (kv — k1 — (ks — k1) 152) 7 if 6] > =1
gD 9{%7+(1—9{)5 (/ﬁ;—kl—(kz—kl) ()\ﬂ'-l-%))TlfHéSLRkl
0 OLkr + (1= 00)5 (5 — k1 — (ko — k1) 152) 7 if 6] > 5=k
and
Expected Profits at ¢t =1
Equilibrium Uninformed Trader
—k1+1
S(Am4+1=A) (k1 — 1) = Amw) 7 if 65 < %
EP Kta
5(1=A) (k1 — )7 if 65 > #-ErEL

2

&P 0

The following tables show how the unconditional expected profits of rational traders change due
to the introduction of the DP at t = 1:

Informed Trader | &P | &P | &P | &P
g{VD —

P
o

£

ND —
52

ND —
&

AN WA IVANE VAN

ND —
2!

and

Uninformed Trader | EP | €P | &P | &P
E{VD —

ND —_
&

ND —
53

|
AJIA|A A |5

ND —
€4
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Internet Appendix IV (Additional Graphs)

In this Appendix we illustrate graphically how different parameter values affect the existence of the
equilibria. In Figure 3, in the paper, we depicted the optimal strategies at ¢ = 1 in the single-venue
market for k1 = 5. In what it follows, we present two additional cases: when the market liquidity is
high, k1 = 2, and very illiquid k; = 30. This last example, with values that are not very realistic is
selected to display the four possible equilibria. Remember that in the case k1 = 1 the only possible

equilibrium is (BMO, SMO, NT, NT).

0.5

0.4

0.3+

PIN

0.1

0.0

Figure IV.1: Optimal strategies at ¢ = 1 in the single-venue market. Parameters values: k
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Figure IV.2: Optimal strategies at t = 1 in the single-venue market. Parameters values: k; = 30,
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A =0.9, 7 = 0.05, § = 0.95.
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Figure IV.3 illustrates the optimal strategies at ¢ = 1 with respect to the fundamental asset’s
volatility and information asymmetry in the case market is very liquid, k&1 = 2, and for several
values of #{ € {0.05, 0.19, 0.25, 0.35}, which we show in Panels a), b), c), and d), respectively.

(BMO, SMO, BLO, SLO)

= (BMO, SMO, NT, NT)

= (BLO, SLO, BLO, SLO)

m (BDO, SDO, NT, NT)

m (BDO, SDO, BLO, SLO)

Figure IV.3: Optimal strategies at ¢ = 1 with dark pool. Parameters values: k1 = 2, ko = 3,
A= 0.5, 7 =0.05, and § = 0.95. In Panel a) 8/ = 0.05, in Panel b) §/ = 0.19, in Panel ¢) 8] = 0.25,
and in Panel d) 8] = 0.35.

Figure IV 4 illustrates the optimal strategy profiles at ¢ = 1 with respect to the asset’s volatility

and the probability of execution for the informed trader in the DP in the first trading period (6)
in the case market is very liquid, k; = 2.
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Figure IV.4: Optimal strategies at ¢ = 1 with dark pool. Parameters values: k1 = 2, ko = 3,

A =05, 7=05 7=0.05 and § = 0.95.
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